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Collective dynamics in liquid lithium, sodium, and aluminum
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Inelastic x-ray scattering data of liquid Li, Na, and Al for dynamical structure factors have been analyzed by
proposing a semiempirical model. The model is based on the extension of the hydrodynamic model to the
viscoelastic region so that it satisfies the first four nonvanishing sum rules. It has been found that the semi-
empirical model fits well with the x-ray scattering data for liquid metals investigated here. The physical
meaning of the parameters is also discussed.
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The dynamical structure factor of a liquid contains info
mation about the atomic motion at different time and len
scales. Experimentally information at different length a
time scales about dynamics of a liquid can be obtained
performing neutron or x-ray inelastic scattering. Recen
there has been increasing interest in the experimental in
tigation of the dynamical structure factorS(q,v) due to its
possibility of studying through x-ray inelastic scattering
the nonhydrodynamic region. Liquid metals like Al@1#, Na
@2#, and Li @3# have been studied by x-ray inelastic scatter
for which the scattering cross section is purely cohere
There exist theoretical methods to study the dynamical st
ture factor. One approach to studying the density-density
relator, a quantity directly related toS(q,v), is based on
Mori’s equation of motion@4,5#. In this approach the mos
important quantity to be examined is the space-time mem
function. In addition to the microscopic ways of evaluati
@4–7#, there exist models for the memory function involvin
single @4,8# and two relaxation times@9–11#. The single re-
laxation time models for the memory function have be
able to explain the existence of collective density excitatio
in liquid metals. However, to reproduce completely the li
shapes a limited success has been achieved, even if th
rameters involved are best fitted to experimental data.
example, viscoelastic model could not reproduce x-ray s
tering data of liquid Li@2#. The attempt@2# to fit the simple
hydrodynamic formula also could not reproduce the x-
scattering data of the dynamical structure factor in the n
hydrodynamic region. Therefore, Scopignoet al. @1–3# have
followed two relaxation time~fast and slow! models to fit
x-ray scattering data of liquid Li, Na, and Al. The origin o
these two relaxation times, which is of significant impo
tance, is not fully understood, especially the fast one. In
absence of a clear understanding about relaxation proce
in these liquid metals and having experimental data n
available for small wave numberq, it appears useful to ana
lyze the data by extending the hydrodynamic model to
viscoelastic region. Therefore, in the present work, we p
pose a model keeping in view that short time dynamics
comes more important in the viscoelastic region. The mo
fication of the hydrodynamic formula for the densi
correlation function is done in such a way that it satisfi
sum rules up to sixth order and has the expected Gaus
behavior for a free particle, but reduces to the hydrodyna
formula in its appropriate limit. The number of parameters
our proposed model is also same as the number of varia
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in the linear hydrodynamic formula. Therefore, the physi
meaning of the parameters can also be investigated.
model has the possibility of predicting the dispersion gap
well. We have applied the model to study x-ray scatter
data ofS(q,v) for liquid Li, Na, and Al at different wave
numbers.

For a linearized symmetric hydrodynamic, density cor
lation function,F(q,t) has the form

F~q→0,t !5S~q→0!@a exp~2t/ta!1~12a!

3exp~2t/tb!cos~v0t !#, ~1!

where S(q) is the static structure factor,a5(g21)/g, ta
51/DTq2, tb51/Gq2, andv05cq. HereDT is thermal dif-
fusivity, G is the sound wave damping constant,g
5Cp /Cv , andc is sound velocity. The dynamical structur
factor defined by

S~q,v!5
1

p
ReE F~q,t !exp~2 ivt !dt

is then given by

S~q→0,v!5
S~q!

p Fg21

g

DTq2

v21~DTq2!2

1
1

2g S Gq2

~v2cq!21~Gq2!2

1
Gq2

~v1cq!21~Gq2!2D G . ~2!

This expression is valid in very smallq region. Attempts
have been made in the past to extend this to the viscoela
region. Following the idea of McGreevy and Mitchel@12#, in
the present work we proposeF(q,t) to have the form

F~q,t !5S~q!@a sech~ t/t1!1~12a!sech~ t/t2!cos~vOt !#,
~3!

which has Gaussian behavior corresponding to a free par
for t,t1 ,t2, but reduces to Eq.~1! for t larger thant1 and
t2. The expression for the dynamical structure factor is o
tained to be
©2003 The American Physical Society01-1
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Sc~q,v!5S~q!H at1

2
sechS pvt1

2 D
1

~12a!t2

4 FsechS p~v1v0!t2

2 D
1sechS p~v2v0!t2

2 D G J . ~4!

Here the subscriptc is used to differentiate it from the tru
experimental dynamical structure factor in which quant
aspects are associated. All the parameters of the mode
be related to sum rules ofS(q,v) by the following relations:

^vO&5S~q!, ~5!

^v2&5S~q!F a

t1
2

1~12a!v0
21

12a

t2
2 G , ~6!

^v4&5S~q!F5a

t1
4

1~12a!v0
41

6~12a!v0
2

t2
2

1
5~12a!

t2
4 G ,

~7!
and

01220
an

^v6&5S~q!F61a

t1
6

1~12a!S 61

t2
6

1v0
61

15v0
4

t2
2

1
75v0

2

t2
4 D G .

~8!

^v0&, ^v2&, ^v4&, and ^v6& are the zeroth, second, fourth
and sixth sum rules of the dynamical structure factor, resp
tively. Expressions for these sum rules are already availa
@13# in terms of pair potential, static pair, and triplet correl
tion functions. If one choosest1

25t2
25m/q2kBTa with

^v2&5q2kBT/m, we obtain from Eq.~6!

v0
25

q2kBT

m~12a! F 1

S~q!
2aG , ~9!

which predicts a dispersion gap for 1/S(q),a. Our model is
different from McGreevy and Mitchell@12# in the sense tha
the number of parameters are same as those in the hydr
namic model so that one can consider@15# them as their
wave-vector-dependent equivalence.

We now apply the semiempirical model to the calculati
of the dynamical structure factor of Li, Na, and Al for di
ferent wave numbers. Before we discuss the calculation p
cedure, it is worth noting that for comparing our results w
experiments, we have used the approximation
S~q,v!5
12exp~2b\v!

Sc~q,v!, ~10!
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FIG. 1. Comparison of x-ray scattering da
with results of our model for liquid Li atT
5475 K for different wave numbers. Ope
circles are x-ray scattering data. Dotted lines w
only a central peak are contributions of the fir
term, whereas dashed lines with only two sid
peaks are due to the contribution of last the tw
terms of Eq.~4!. The sum of the two contribu-
tions is shown as a full line.
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which connects@2# the experimental dynamical structure fa
tor to the classical counterpartSc(q,v). Hereb51/kBT and
\ is Planck’s constant. In this work, we have used our e
pirical formula ~4! for Sc(q,v) with S(q) taken from the
experimental results and have fitted relaxation times,t1 , t2,
frequencyv0, anda measuring the strength of viscous cha
nel. We have studied the Al system atT51000 K, Li at T
5475 K and Na atT5390 K for different wave numbers
Results obtained for Li are shown in Fig. 1, for liquid Na
Fig. 2, and for liquid Al in Fig. 3 for a few wave number
The diffusive and collective mode contributions are sho
separately in these figures. The dotted lines with a sin
peak are the contribution of the first term~diffusive! whereas
dashed lines with two peak structures are the contribution
last two terms~collective! of Eq. ~4!. The full line with one
central peak and two side peaks is representing the sum
two contributions. It can be seen from the Figs. 1–3 that
proposed model is able to provide a good agreement w
x-ray scattering data ofS(q,v) for liquids Li, Na, and Al for
all wave numbers. It is also seen from the figures that
sharpness of the two side peaks decreases with an increa

FIG. 2. Comparison of x-ray scattering data with predictions
Eq. ~4! for liquid Na atT5390 K. Symbols are the same as that
Fig. 1.

FIG. 3. Comparison of x-ray scattering data with predictions
Eq. ~4! for liquid Al at T51000 K. Symbols are the same as that
Fig. 1.
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q, implying the reduction of collective effects. The two sid
peaks disappears atq5qm , qm is the wave number, where
S(q) has first maxima, implying the crossover from elastic
viscous behavior of fluid.

Since, in the limiting case the two relaxation timest1 and
t2 have the same meaning as diffusive and viscous re
ations of the hydrodynamic model. Therefore, it is interest
to study the behavior of 1/t1q2 and 1/t2q2 with an increase
in q, which should demonstrate the wave number dep
dence of thermal diffusivity,DT and dampingG, respec-
tively. In Fig. 4 we have plotted 1/t1q2 and 1/t2q2 versusq.
It can be seen that both 1/t1q2 and 1/t2q2 decrease withq. It
can also be noted that the value of 1/t1q2 is of the order of
1026 m2 s21 which is typically of the same order as that
diffusivity. The experimental values ofDT @14# at q50 are
18.7931026 m2 s21, 66.7731026 m2 s21, and 33.39
31026 m2 s21 for Li, Na, and Al, respectively. On the othe
hand, dampingG can be related to longitudinal viscosity an
thermal conductivity of the system by the relation given a

G5
1

2r F4

3
hs1hB1~g21!l/CpG , ~11!

wherer, hs , hB , l, andCp are mass density, shear visco
ity, bulk viscosity, thermal conductivity, and specific heat
constant pressure, respectively. It is known@16# that the main
contribution to G comes from the viscous processes. T
values of 1/t2q2 are of the same order as that ofG when
calculated from Eq.~11!. For example, for Na, the value ofG
calculated from Eq.~11! by using the experimental value
hs , hB , g, l, and Cp @14# is 5.426731026 m2 s21. Fur-
ther, a decrease in 1/t2q2 @or G(q)] is also similar to the
behavior of generalized longitudinal viscosity withq, as ob-
served in liquids@17,18#.

The parametera is also plotted in Fig. 4. It can be see
from the figure thata, which measures the strength of vi
cous channel in comparison to contribution due to diffus
phenonmena, is comparatively less in the case of Li and
than in Al. This implies that collective motion is more pro
nounced in Li and Na than in Al. The values ofa as predicted
from hydrodynamical formula@(g21)/g# are 0.12, 0.10,
0.20 for Li, Na, and Al, respectively, atq50 and are shown
in Fig. 4 as horizontal arrows. It is also interesting to see t
where collective density excitations are not clearly seen
side peaks inS(q,v), our model shows the presence of co
lective modes. This is clearly demonstrated in Fig. 1, in
case of Li atq521.3 nm21.

In Fig. 4 we have also shown a variation ofv0 with q for
three liquids considered here. The comparison is made w
experimental results of dispersion curve. It is seen tha
variation ofv0 with q is that of the dispersion curve and is
good agreement with the experimental data. It is also no
thatv0 shows linear behavior for small q values. The expe
mental values of sound velocity are 4450 m s21,
2500 m s21, and 4750 m s21 for Li, Na, and Al, respectively.
The experimental values of velocity are shown as a slope
lines in Fig. 4. It can be seen that the agreement is q
reasonable.
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FIG. 4. (1/t1q2) in units of 1026 m2 s21,
1/t2q2 in units of 1026 m2 s21, v0 in units of
ps21, and parametera versusq. Solid lines are
for Li, dotted lines are for Na, and dashed line
are for Al. Squares, triangles, and circles are e
perimental results ofv0 for liquid Li, Na, and Al,
respectively. Arrows represent the values ofa
@5(g21)/g# calculated from the experimenta
values ofg at q50.
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In conclusion we find that a simple modification of th
hydrodynamic formula can be used to extend it to the v
coelastic region. The present proposed modification allo
us to satisfy sum rules up to the sixth order and retain
their respective limits, hydrodynamic and free particle
sults. The fitted parameters suggest that wave-num
dependent transport processes enter in the relaxation me
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